We consider a class of implicit linear evolution equations of the form d
a precise meaning even though no regularity results are claimed for the corresponding (stationary) elliptic problem.
The second objective here is to permit (possibly) both of the operators Jg and ~,¢ to be degenerate, i.e., to correspond to partial differential operators whose coefficients are only assumed non-negative. For the classical diffusion equation
L Ik(x) ~u(~, t) ~--~ (c(x) u(x, t)) --~ Ox ) = F(x, t)
( The inclusion of such problems with degenerate elliptic parts is made possible by use of appropriate weighted Sobolev spaces [4, 9] . In Section 3 we give sufficient conditions for such spaces to satisfy the structural requirements introduced in Section 2. See [1, 10, 11, 12] for related results with applications to degenerate elliptic problems.
Examples of initial-boundary value problems to which the abstract results apply are given in Section 4. Specifically, we discuss the classical problems for the equation (1.4) in higher dimensions as well as for a third order pseudoparabolic equation [3] which may "degenerate" to (1.4). The last example given is a problem for the diffusion equation which contains a (degenerate) ellipticparabolic equation on a lower dimensional submanifold in the region. Such problems can arise in diffusion problems with singularities [2] ; our results show how the appropriate "strong formulation" of such a problem depends on the degeneracy of the coefficients. Additional results for degenerate parabolic equations are given in [6, 8, 14] .
The following standard notation will be used. 
Proof. First note that u is a solution of (2.2) if and only if the function defined by v(t) ~ e-~tu(t) is a solution of the corresponding problem with replaced by A~g + ~. Thus we may take A = 0 in (2.1); the Lax-Milgram-Lions theorem then asserts that ~ is a bijection of V onto V'.
Let K be the kernel of ~, let W/K be the corresponding quotient space, and denote by H the completion of W/K. Regard the quotient map q: W -+ W/K as a norm-preserving injection of W into H and denote the corresponding dual map by q*: H' -~ W'. Note that q* is an isomorphism. If JZ0: H ~ H' is the Riesz map associated with the scalar-product on H inherited from W, then we easily check that d2/factors according to
In order to simultaneously factor 5P we consider the subspace D ~ {x ~ V: ~x e W'} where we identify W' C V'. Then for each x ~ D we have
If x e K n D, then setting y = x above an using (2.1) we obtain x = 0. (2) We were able to factor ~-q in the form (2.4) and so obtain a function ~o.
The preceding technique extends to nonlinear situations and others where ~0 and -d0 may be multi-valued [3, 15] .
Our next objective is to describe sufficient additional structure on the spaces and operators in Theorem 1 to permit us to characterize the solution of (2. 
(2.7)
The identities (2.6) and (2.7) are abstract Green's formulas. Before proceeding to our characterization of the solution of the Cauchy problem for (2.2), we consider the characterization of the solution of the corresponding stationary or elliptic problem. Thus, assume we are given the spaces, trace and operators as above, and assume that )~d//-+-~a is V-coercive for some real number A; cf. 
Proof. Our plan is to apply Theorem 1 to obtain the solution of a problem similar to (2.2) and then to show this solution is characterized by (2.12)-(2.15). We may assume A = 0 just as in the proof of Theorem 1; thus, ~o is an isomorphism of V onto V'.
Since a(t)~ V 1 for each t >/0, there exists a 17(t)~ V such that ~(t) ~---.~d(t); the continuity of &o: V1 _+ V' and 5¢-1:
Similarly, for t >/0 we haveg(t) o 9' e V' and we can define u~
(t) ~ 5~-l(g(t) o y).
Then u~ e C1+~([0, oo), V) and it satisfies
The right sides of (2.16) and (2.17) C~((0, oo), W') statisfying (2.12) and for each t > 0, (2.14) and .2) withf ~ 0; if h = 0 then the uniqueness result from Theorem 1 shows u ~-0. These remarks prove the uniqueness for the linear problem (2.13)-(2.15). |
are in Ce([0, oo), W'). Thus the function defined by f(t) =~ F(t) --JZu~(t) --JA1u'2(t), t ~ O, belongs to
d j[ (/~u(t)) + ~u(t) = F(t) -k g(t) o ~,(2.
WEIGHTED SOBOLEV SPACES
We wish to apply Theorem 2 in situations where the ellipticity of the operator ~o is permitted to go to zero on the boundary of the domain. Thus, it is necessary to consider function spaces of Sobolev type where the norm is weighted in a corresponding manner. We shall show that these spaces and their corresponding trace maps onto boundary values satisfy the assumptions of Section 2 when the degeneration of the ellipticity near each boundary point is of the order of some power of the distance to the boundary. This power is between zero and one and may depend on the boundary point.
Let G be an open bounded and connected subset of Euclidean space ~" and assume it lies locally on one side of its boundary, ~G. Suppose ~G is a Cl-manifold. That is, each point x ~ 0G has an R~-neighborhood Nx and a C ~ bijection ~o~ of N~ onto the cube Q~ ~ {x~ R ~ : a.e. on G, and c(') is non-zero inLl(G)
for some E > 0. We define V to be the completion of Ca(G) with the norm
(a) and the embedding is continuous.
Proof. The continuity of the embedding is not lost by letting c(') and k(') be larger, so it suffices to prove the result for the case of c(') eL®(G) and k(x) = ep~(x). With these assumptions, I] ' IIv is a continuous norm on W(~) and satisfies We first consider the special case of the half-space, G = Q+ , let u a ker(y) with the support of u contained inside Q; our objective is to prove u E V 0 . Each x a Q+~ is denoted by x = (y, x,~) with y c Qn-1 and O < x~ < 1 ; set k(x) = k(y, x~). Then the left side of (3.5) is bounded by 2q/c0(1 --~(y))j2, so for (3.5) to hold it is sufficient to have
II u '~i~ > ~ fo o~(x) I Vu(x)j2 dx, u ~ W(~).

~< ~(y) ~< ~ < 1
for all y e Q~-I. The preceding proves V 0 =ker y in this essential special case. The general situation will now be described. (5) We shall define B to be the range of 7. It suffices for our purposes to note that B CL2(~G) C B'; a more precise description of B can be given e.g., when ~(s) = ~ for all s e ~G [4] .
THEOREM 3. Let the bounded domain G be given as above and let 0 <.~ cz < 1. Suppose there is a function ~(') on ~G for which 0 ~ ~(s) <~ ~ for each s ~ 9G. Assume the functiom c(') and k(') are given and satisfy (3.1). Furthermore, suppose there is at each point of ~G a neighborhood N in ~ and constants 0 < c( N) < C( N) such that (i) for each x ~ N n G there is a unique x o ~ ~G such that [I Xo --x [In. = p(x), and (ii) for each x ~ N c3 G, e(N) ~ k(x)/(o(~)) ~(~o ~ C(N).
EXAMPLES
We present some applications of the preceding results to a variety of initialboundary value problems for partial differential equations. The objective is to illustrate various types of problems which can be included so we do not attempt the most general results in any sense. The examples include the elliptic-parabolic equation (1.4) subject to boundary conditions of first, second or third type, a parabolic-pseudoparabolic equation, and a problem with elliptic-parabolic constraints on a submanifold. In the following, the domain G in N ~ and the functions c(-) and k(') are as given in Theorem 3. The unit outward normal vector on ~G is denoted by v. 
Then set h(x) = cl/2(x) H(x) ~ W' and F(t) = c*/2(')f(t)
for t >/0. From Theorem 2 we obtain existence and uniqueness of a solution to
3) and k(-) 8u(', t) ~ + a(.) u(., t) = g(., t) in L~(Fa) (4.4) Note that (4.3) is the non-homogeneous boundary condition of first type and (4.4) is of second type (a(s) ~-0) or third type (a(s) > 0). See [6, 8, 14] for related results. Note that the initial condition (4.1) is attained in a stronger seminorm in (b) than was so in (a). Also, the boundary condition (4.4) contains only terms belonging to L~'(/'I) whereas the terms in (4.7) belong to the larger space B'. See [3, 13] for related results and applications.
Remarks. ( In the same manner one can handle similar problems where the submanifold/" may extend into the interior of the region G. (See [14] for the details.) Such problems arise from models of diffusion in a region G in which the submanifold/' approximates a narrow fracture of width w(s) at each s e/' [2] . Then the coefficients c(s) and k(s) both contain a factor of w(s) and therefore must be allowed to vanish as s -+ 82'. Thus the degeneracy arises from the geometry of the problem as well as (possibly) the properties of the material.
Remark. 
